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General theory of shells

Here we use the general theory of shells presented e.g. in?2-3

@ The kinematics of the shell is determined by two kinematically
independent fields of translations and rotations. 6 degrees of
freedom: each point of the micropolar shell base surface has six
degrees of freedom as in the rigid body dynamics.

@ At the shell boundary acts forces and moments only.

@ The drilling moment is also taken in account.

@ Using certain constraints one can reduce the micropolar shell
theory to the Kirchhoff-Love or Reissner—Mindlin shell models.

LA, Libai, J. G. Simmonds, The Nonlinear Theory of Elastic Shells, 2nd Edition,
Cambridge University Press, Cambridge, 1998.

2J. Chroécielewski, J. Makowski, W. Pietraszkiewicz, Statics and Dynamics of
Multifolded Shells. Nonlinear Theory and Finite Elelement Method (in Polish),
Wydawnictwo IPPT PAN, Warszawa, 2004.

V. A. Eremeyey, L. P. Lebedeyv, H. Altenbach, Foundations of Micropolar
Mechanics, Springer, Heidelberg, 2012.
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Shell Kinematics

@ The deformation of the shell is described by mapping from one

state called the reference configuration to another one called the
actual configuration.

@ In the reference configuration s« ¥ is a base surface with position
vector P(gt, g?) and with directors Dy(qt, ¢?,), k= 1,2, 3.

@ In the actual configuration x: o is the base surface with position
vector p(qt, ¢?,t) and directors dy(qt, g%, t), k = 1,2, 3.

Hence, the shell is described by two kinematically independent fields

P = p(ql7 ng t) and Q = dk & Dk = Q(ql7 ng t) (1)
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Shell Kinematics
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Constitutive Equations of Elastic Shells (1)

According to the local action principle 4, the strain energy density W
takes the form

W = W(Pa V;{Pa Q7 V%Q)a
where

A Ha

V%: w

(a? ﬂ = 17 2)7
o
o9

Here vectors Pg and P“ denote the natural and reciprocal bases on 3,
respectively, N is the unit normal to X, 5g is the Kronecker symbol, and
V.. is the surface nabla operator on ..

P“.Py=03, P*-N=0, Py=

4C. Truesdell, W. Noll, The nonlinear field theories of mechanics, in: S. Fliigge
(Ed.), Handbuch der Physik, Vol. 11l/3, Springer, Berlin, 1965, pp. 1-602.
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Constitutive Equations of Elastic Shells (2)

From the principle of material frame-indifference ° it follows that W
depends on two surface strain measures E and K:

W = W(E,K), ©)
where 1 9
_ e LN _ “po T
E=F-Q A, K 2P ®<c‘)qa Q>X. 3)

Here F =V,p,and A £ —N®N, | is the unit 3D tensor,
TX == (Trrnlm® in)x == Trrnlm X in

for any base im, x denotes the vector (cross) product.

5C. Truesdell, W. Noll, The nonlinear field theories of mechanics, in: S. Fliigge
(Ed.), Handbuch der Physik, Vol. 11l/3, Springer, Berlin, 1965, pp. 1-602.

Eremeyev (PRz) Cagliari, 2017 7



Vectorial Parameterizations of Strain Measures

Introducing
@ the translation vector u = p — P and
@ the finite rotation vector @ = 2etan /2
we can express Q, E and K as follows (see © for details)

1

Q:m[(4—92)|+20®0—4l><0], (4)
E=(A+V,u) QT —A, 0>=9-0, (5)
4 1

Q describes the rotation about axis with the unit vector e trough an
angle .

5W. Pietraszkiewicz, V. A. Eremeyev, On vectorially parameterized natural strain
measures of the non-linear Cosserat continuum, International Journal of Solids and
Structures 46 (11-12) (2009) 2477—2480.
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Lagrangian Equations of Motion

The Lagrangian equations of motion of the micropolar shell are
dKy

Wa
dKs
dt

V%'T%‘Ffsz
v%-M%+[FT-T%]X+m:p%< +vx®{-m>,
where

T%281°Q> M%:SZ'Qa

oW oW
S=PET 2T K
K ; OK
Kl—W—V—F@l'(ﬂ, Kz—%—(‘)]_‘v—i—@z‘(ﬂ,

1 1
K(v,m):Ev-v+w-®1-v+§w-®2-w,

_dp 1/ 1 dQ
)

(7)
(8)

(9)
(10)

(11)

(12)
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Eulerian Equations of Motion

The Eulerian equations of motion of the micropolar shell are

dK
V- T+3%= pd—tl, (13)
-1 dK2 T
VX°M+T><+J m:p W-FVX@J_'U) 5 (14)
where

0 op

v =p®% —— @ :5a O‘-I’]:O = ——+

x=P aqaa P Ps B P 3 Ps aqﬁa
T=3¥.T, M=J¥".mM, (15)

J=JF) = \/% {[tr (F-FNP—tr [(F : FT)Z] }

Here T and M are Cauchy-type surface stress and couple stress
tensors, p is the surface mass density in the actual configuration, V, is
the surface nabla operator on ¢ related with V,, by the formula

V., =F-V,, and nis the unit normal to o.
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Initial Boundary-Value Problem
Simplifications
0,=0 0,= 1, (16)

where ~ is a scalar measure of the rotatory inertia. The equations of
motion (7) and (8) take more simple form

dv
%'T% = PR 17
\Y +1=pegy (17)
d
Voo Mo+ [FT-T,], +m = pag. (18)

Equations of motion are supplemented by the boundary conditions

onwi: p=ro(s), Oonwy: v-T, =1t(9),

onwz: Q=Nh(s), onws: v-M, =n(s), (19)
and initial conditions
p‘tzozpo’ V‘t:o:VO’ Q‘t 0=Q°% ‘”‘t 0= 0" (20)

with given initial values p°, v°, Q°, °, and given functions ro(s), h(s),
t(s), and u(s).
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Isotropic Shell
Physically linear isotropic shell

2W = agtr?E) + aotrE? + agtr () -E] ) + N -ET-E-N

+ Butr Ky + Batr K2+ Batr (K- KD 4+ BIN-KT.K-N, D

where E; £ E-A, K £K -A. Here S; and S; have the form
S1 = a1(trE)A + azE| + azEj + aa(E-N) @ N, (22)
S2 = Ba(tr KA + B2K [ + 83K + Ba(K - N) @ N. (23)

Introducing the fourth-order tensors C, and C, by the formulae
Ci=atAQA + P, @ AP
+a3Py ®Ps @ P* @ PP + 4P, N @ P* @ N,
Co=FARA+ [P, @A RP*
+63Py ®Ps @ P* @ PP + 3P, NP> ® N,
we re-write (22) and (23) in a compactform S; =C1:E, $=C,: K.
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Superimposed Infinitesimal Deformations

Let pp and Qg are the known static solution.
Superimposed infinitesimal deformations are

P« =po+p, Q.=Qo+IQ,
Since Q is an orthogonal tensor, the tensor Q' - 6Q is
QT-0Q=—Ixy,
where v is the infinitesimal rotation vector expressed by

w:ﬁ<60+%0x60>.
The increments of the strain measures are given by the formulae
0E =(V..0p) - Q) + Fo-0Q" =Fo-&- Qf, (24)
5K =(V,p) - Q" = Fo- - Qg, (25)
where € and % are the linear strain measures given by
e=VW+AXY, ==V, (26)
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Linearization

Lagrangian linearized equations of motion

d2w
x T% > 9 27
T r d*y
V, oM, + [(V;{W) T, + FO . 5T%] <« = p%VFa (28)

Linearized boundary conditions

onwi: w=0, Onwy: v-0T, =0,
onwsz: Y=0, Onwg: v-0M, =0.
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Linearized Constitutive Relations

0T, =06S1-Qo+S1-0Q =0S1-Qo—Tu X, (30)
oM, =08 Qo+ S 0Q =06S,- Qo — M, x v, (31)
oW oW
oW oW
08 = 5 om 1 0E+ 5= 0K, (33)

For the physically linear shell we have
651=C1:0E=D1:¢, 05=Cy:0K =D : %,
where D; and D, are the fourth-order tensors given by
D1 =A@ F{ - P, ® Q) - P* + aoP, ® Ps @ F] - PP ® Qf - P*
+ 3Py ®Ps @ F) - P*® Q) - PP + asP, @N® F] - P*®Q{ - N,
D2 =f1ARF] - P, ® Q) - P* + P, ® Ps ® F) - PP @ Qf - P*
+ 3Py @ P @ Ff - P* ® Qg - PP + 4P, 9N ® Fy - P*® Qg - N.
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Linearized Eulerian Equations of Motion and BCs

Introducing the tensors
®; =, F 0T, ®=J'F oM., (34)

where Jy = J(Fo), we transform (27) and (28) into the linearized
equation of motion in the actual configuration xo

d2w
V-1 = rae (35)
T d%y
Vi @2+ (VW) - T+ @) = Mge (36)

For the physically linear isotropic shell &, and &, are
P =H;:e-Txvy, DPr=Ho:zx—M x,
Hy =J,'F) D1, Ha=Jy'Ff - Do
The linearized Eulerian boundary conditions are

on/fy: w=0, onf;: n-®1=0,
on/z: ¢y =0, onfy: n-®,=0.
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Free Vibration of Prestresses Shell

w=W(q" q?)e”, ¢ =w(q q)e"
Substituting the latter relations into (35) and (37) we obtain the

boundary-value problem for the physically linear isotropic prestressed
micropolar shell

V- ®1 = —pQPW, (38)
Vi @2+ [(V,W) - T+ @] = —pyQ°F, (39)
on/i: W=0, onfy: m-®1 =0, (40)
on€3: \IIZO, on€4: ﬂ-(l)zzo,
where
@ =Hi:e—-Tx¥, ®;=Hyr:x—M x ¥, (41)

e=VW+AXx¥, »x=V,¥.
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Comparison Problem

Additionally we consider the linear boundary-value problem of the

micropolar shell without initial deformation, that is when xg = s, which
is given by

Vy @)= —pQ?W, V, @+ @) =—py02P,
on/i: W=0,
on/z: W=0,

(42)
onty: n-®=0,

only: n-®=0, (43)
®)=Cy:e, ®I=Cy:u. (44)

Comparison of @9 and ®;, ®9 and @, shows that difference between
these boundary-value problems consists of

© difference between the elastic moduli tensors C, and H,,, a = 1, 2,
and

@ existence of initial stress tensors T and M in @1 and ®,.

In what follows we show the influence on the eigen-frequencies of the
prestressed shell using the variational approach.
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Second Variation of the Total Energy

The total potential energy of the shell is

H:é/WdZ—é/f-udZ—/t-uds.

w2

The second variation of energy is

8%l = 2//Wda, W= Wy + W, (45)
where
Wi (g, %) = %S:les—l—%%:Hz:%,
1 1
Wo(y, g, %) = tr (Y xT' -g) — Str (Y xTT xy) + St (Y xMT.x).
(46)

If xo = s, thatisT =M =0, then
1 1
W:WOEES:C1:8+§M:C2:M.
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Rayleigh Principle

The modes of the shell eigen-oscillations are stationary points of the
energy functional

e, ] = [ wafe. ) + ve(@, )] do @47)
where
e=VW+AXT, =V, ¥,
on the set of functions that satisfy the kinematic boundary conditions

on/y: W=0 andon/{z: =0 (48)

and the restriction

/C(W,\Il)E%//p(W-W+'y\I’-\II)dazl. (49)

Here the functions W, ¥ are the oscillation amplitudes for the
translations and rotations, respectively.
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Rayleigh quotient

The Rayleigh variational principle is equivalent to the stationary
principle for the Rayleigh quotient

E[W, U]

R = K(W, T)’

(50)
that is defined on kinematically admissible functions W, ¥.

The proof is standard and mimics one which can be found for example
in the textbook’ .

The Rayleigh quotient of the shell without initial stresses is

RO[W,\II]:%, EO[W,\II]://WO(S,M)da. (51)

V. L. Berdichevsky, Variational Principles of Continuum Mechanics. .
Fundamentals, Springer, Heidelberg, 2009.
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Comparison of Eigen-Frequencies

Least squared eigenfrequencies are
Q2 = inf RIW, ®], Qo2 = inf Ro[W, ¥].

By the Courant minimax principle®, the Rayleigh quotient (50) allows
us to estimate the values of higher eigen-frequencies. It is obvious that
difference between £ and &g consist of two terms: difference in elastic
moduli, that is the difference between C; and H4, C, and H», and the
term w, depending on initial stress and couple stress tensors.

Result. If w(¥,&,%) < wp(e, =) then
U<, k=12...

and vice versa.

8R. Courant, D. Hilbert, Methods of Mathematical Physics, Vol. 1, Wiley, New York,
1991.
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Uniform stretching

Let us assume that C; ~ Hj, C, ~ H; and uniform stretching of the
shellwith T = pA, M = 0, p is the uniform tension. Here we have

W — Wp = Wo.

We have
Wo(W, &, %) =ptr (¥ x A - g) — gtr (W x A x ©)
—ptr (T x V, W) + gtr (W x A x @)
p

=ptr (¥ x VW) + 5[ - ¥ + (¥ - N)2.
Assuming V, W = 0 we obtain
Wa = p/2[¥ - ¥ + (¥ - N)?]

and the sign of w, coincides with the sign of p. This case is similar to
the dependence of eigen-frequency of a string on its tension:
stretching (p > 0) leads to increase while compression (p < 0) leads to
decrease of eigen-frequencies in comparison with undeformable shell

Eremeyev (PRz) Cagliari, 2017
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Spherical shell under hydrostatic pressure

Here f = —gN, m = 0. We introduce the Lagrangian and Eulerian
spherical coordinates

X1 = Rcos®cosO, X, =Rsin®cosO, Xz=RsnhoO,

er = (i1cos® + i Sin®) cosO +iz3sinoO,

€p = —i1SiN® + i, cosP,

eg = —(i1cos® +ipSiN®)SiNO + i3cosO,

X1 = rC0S¢Cosf, X, =rsingcosh, xz=rsnb,

g = (i1€C0S8¢ + i2Sin¢) cosf + izsing,

€, = —i19N¢ +i2CoS 9,

e = —(i1c08¢ +i2Sing)sind + iz cosb,
As a result we assume the deformation as

r=a o¢=o, 6=0. (52)

Q=1I. (53)
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Spherical shell under hydrostatic pressure (2)

Using the definition

1 0 10
_aocos@eq’acb aoe®8®

4

we obtain that

a a
F=—(es®e;+eo®e) =IA, A=—, 54
ao( % ) % (54)
E=(AN-1A, K=0, (55)
and
T,=Q2au+az+az)(A—1A, M, =0. (56)

Equilibrium conditions reduce to one algebraic equation T = q, where
T= (2&1 + ap + 013)()\ = 1). We find that

H,=Cy, H, = C,. (57)
As a result we have w; = wg while
T
Wo(,,%) =Ttr (Y x VW) + S+ (- N)?).
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Eversion of a spherical shell

The eversion of the spherical shell is described by

r=a ¢=9 0=-0, (58)
Q=686 —RRE& — 6 ®&. (59)

Here
F=M\ep @€y — €0 @ 6ey), )\:%, (60)
E=(\—1)A, Kz%(%@%—e@@@ee), (61)
and S =TA, $= (8- F)K. (62)

Equilibrium conditions reduce to T = 0 while

M Zé(ﬂs—ﬂl)(%@e@—e@@%)#o-

The eversion of a spherical shell demonstrates an example of zero
initial stresses with non-zero initial couple stresses (f = 0 = m).
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Eversion of a spherical shell (2)

For such initial stressed state we obtain again that
Hy = Cy, Ho =C;

and q
Wi =Wo, Wo(, &%) = ztr (W xMT-%). (63)

Unlike to the case of the shell loaded by initial pressure for eversion
there is not an external loading parameter.

Conclusion

In both considered cases we proved that the changes in
eigen-frequencies spectrum due to initial stresses are determined by
initial stress fields T and M.
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Courant’s principle: preliminary notations

To formulate Courant’s minimax principle, we introduce the
space H = {h = (W, ¥)} of functions h satisfying (48) with
respect to the energy norm defined by

1
HhHﬁ:E//(szD1:£—|—£:D2:x+x:D3:x)da. (64)

Let the eigenvalues for the problem under consideration be
ordered as 0 < Quin = Q1 < O, < ---. To each Qy there
corresponds a unique eigenmode hy.

Let k > 1, and denote by H® the subspace of H spanned by

k — 1 arbitrarily chosen elements gy, 0y, ..., 0k_1 of H. The space
H(k) is its “orthogonal” complement in H:
HY = theH | (hg) = (g2 = -+~ = (h,Gea) = 0},

<g> h>|- = <(Wg>‘IJ ) (Wha‘Ilh / Wh g—l—’y‘Ph v ) do.
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Courant’s principle: higher eigenfrequencies

Hﬂ‘) is a closed subspace of Hilbert space H as the orthogonal
complement to the finite dimensional space spanned by

01,0, - - ., g1 By HY we denote the subset of elements of H{"
with the constraint (h,h). =1, i.e., ﬁ(f) ={h e H(lk) | (h,h), =1},
Let us introduce d[g;, Oz, - - -, Ok_1] = |ﬁr<1kf) R(h).

1

Courant’s minimax principle

states that by taking the suprema of the quantities
d[g1, G2, - - ., Ok_1] over all possible combinations g;, 0y, . . ., Gk_1 IN
H, we obtain the eigenfrequencies

Q2= sup d[g1,02,...,01] = sup infR(h). (65)

91, %k-1 91;--0k—1 ﬁi()

These maximum-minimum values are attained if the elements
01,02, - - -, Gk_1 coincide with the first k — 1 eigenmodes. )
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General remarks 1.

R1>R, forallheH (66)
then
Qe > Qo (k=1,2,...). (67)
Indeed, it follows that for any set gi, gy, - . ., Ok_1 We have

| N |
inf Ra(h) > inf Ra(h)

Hence
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General remarks 2.

Let H be the space over which we minimize Rayleigh’s quotient
for a shell, and let H; be the corresponding space for the same
shell subjected to a constraint of geometrical nature. Then

H,; C H.

Here we also can demonstrate that the least eigenfrequencies
satisfy Q1 min > Qmin. Using Courant’s minimax principle, we can

prove that
Qe > O

fork=12,...
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Dependence on boundary conditions

Let us consider three boundary-value problems, all with a
portion ¢; of the shell boundary clamped.

© Portion /, of edge free:
W}el =0, \Il}el =0, n- ‘1’1}32 =0, n- ‘1’2}32 =0,

© Portion ¢, of edge simply supported:

W|,=0, ¥|, =0, n-®, =0
© Entire edge ¢ clamped:

W[,=0, ¥| =0
By Courant’s principle, one can easily establish that
0P >09 >0 (k=12 )

where QE) is the kth eigenfrequency for the ith problem.
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Dependence on rotational inertia

If K; > K,. then the corresponding eigenfrequencies satisfy
Ol < 0P fork=1,2,...
Let us analyze how the rotational inertia affects the shell
eigenfrequencies. Instead of (12), we use the following form of
the kinetic energy:
K=1v.v+in O o,

where O is a positive definite second-order tensor of rotational
inertia and 0; < 0, < 63, we get

fo-0o<w-0- -o<0m- o

Then the eigenfrequencies for a shell where the kinetic energy
includes the inertia tensor ® are bounded below by the
eigenfrequencies calculated for shells with scalar inertia
measures 7 = ¢, and 4 = 63 respectively:

QU< U< (k=1,2,..)).

Eremeyev (PRz) Cagliari, 2017
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Boundary approximations

Let us consider a plate with a clamped boundary ¢ and two
approximated polygonal contours /¢, and ¢, where ¢, is an
inscribed polygon, ¢, is a circumscribed polygon, and nand m
are the numbers of sides of 7, and ¢, respectively (Fig. 1).

Figure: Elliptic plate contour ¢, inscribed polygon contour ¢, and
circumscribed polygon contour ¢y, for n = 6, m= 12
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Boundary approximations

We consider three problems with the respective boundary
conditions

Wl =0, ¥|, =0 W‘enzo’ ‘I"en:Q W‘em:Q ‘I’}zmzo'

Obviously, the corresponding function spaces H, H™, and H™
are related as follows:
H® cHcHM.

Indeed, any element h" € H™, extended by zero, liesin HNH™,
while any element h € H lies in H(™. Thus we have the relations

Q>0 >0™ vam  (k=1,2..)

where Ql((”) and Ql((m) are eigenfrequencies for the contours ¢, and
/m, respectively. Moreover, in this case we also find that

im Q" =Q, limQ™ =0, (k=12 ).
m— oo

n—o0
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Shells with boundary reinforcements

Figure: Shell with boundary reinforcement
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Shells with boundary reinforcements

For simplicity, we neglect the inertial properties of the
reinforcement but do include tangential, bending, and torsional
stiffness parameters. The corresponding boundary conditions
are

W\&:Q ‘I"elzq "'q’l‘zzzq l]-fl)z‘ezzO,

W‘r = Wr, ‘I"r =",

and
t4+m-@yf =0, m+p|. xt+n . =0,

where Wr and ¥ are the translation and rotation vectors
characterizing the Cosserat curve I', t and m are the stress
resultant and stress couple vectors, respectively, acting in the
reinforcements, and a prime denotes differentiation with respect
to the arc-length parameter salong I'.

Eremeyev (PRz) Cagliari, 2017
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Shells with boundary reinforcements

Finally, we can prove that
x>0k >0,  (k=1,2..)

where €2, QF, and QL are the kth eigenfrequencies of shells
having the same shape but with contour I" clamped, elastically
reinforced, and free, respectively.
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Shells with junctions

Pietraszkiewicz and Konopihska (2011) suggested a
classification of junctions for multifolded shells. Figure depicts a
shell with three branches.

[\
\9)
[\

a) b) c)

Figure: Multifolded shell and various junctions: (a) stiff junction; (b) entirely
simple supported junction; (c) partially simple supported junction

Eremeyev (PRz) Cagliari, 2017
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Shells with junctions

For the jth branch (j = 1, 2, 3) emanating from the junction, we
denote by W; and ¥; the point translations and rotations,
respectively. For any type of junction, the translations are
assumed to match along I":

Wl}r - WZ}F - W3}I"

For the stiff junction of Fig. 3(a), the rotations are also

continuous:
‘I’l‘r = \IIZ‘F = ‘1’3‘1“‘

For the partially simple supported junction of Fig. 3(c), we have
‘Ill‘r - \IJZ}F'
For the entirely simple supported junction of Fig. 3(b), on the
other hand, there are no constraints on ¥;. For all of these
junctions, Courant’s principle easily yields
X>U>0  k=12..)
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Conclusions

@ We formulated the Rayleigh variational principle for
eigen-oscillations of the prestressed elastic shells.

@ Using the Rayleigh quotient we shown that influence of initial
stresses on the eigen-frequencies are determined by the
changes of the elastic moduli tensors due to deformations
and by the term depending on initial stress and couple
stress tensors only.

@ The latter term may play more important role in the case of
flexible thin shells.

@ Some specific examples are considered.
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Thank you for your attention!

Further Questions:
ereneyev. vi ctor @nai | . com
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